The main aim of this paper is to study fuzzy congruences of type-B semigroups. After obtaining some properties and characterizations of fuzzy good congruences on adequate semigroups, we consider fuzzy good congruences on type-B semigroups. Finally, we prove a theorem giving equivalent conditions on fuzzy cancellative congruences of such semigroups.
Introduction
The relations L * and R * are defined on a semigroup S by the rule that the elements a and b of S are related by L * [ resp. R * ] on S if and only if they are related by L [ resp. R ] in some oversemigroup of S ( see, [3] (B1) for all e, f ∈ E(S 1 ), a ∈ S, (ef a) * = (ea) * (f a) * ;
(B2) if for all a ∈ S, e ∈ E(S), e ≤ a * , then there is an element f ∈ E(S 1 ) such that e = (f a) * , where " ≤ " is a natural partial order on E(S) ( i.e., (∀e, f ∈ E(S)) e ≤ f ⇔ e = ef = f e (see, [9] )).
Dually, we can define a left type-B semigroup. A semigroup S is called type-B if and only if it is both right and left type-B ( see, [4] ).
Let X be a non-empty set. A fuzzy subset f of X is a function of X into the closed interval [0, 1] . In 1971, Rosenfeld [18] explained the notion of a fuzzy subgroup of a group with the notion of fuzzy subsets of a set. The development of fuzzy abstract algebra has since been greatly inspired by the results of the research [2, 8, 14, 15, 19, 20, 21, 22] . Following the formulation of fuzzy groups by Rosenfeld, many researchers have been engaged in extending the concepts and results of pure algebra to the broader framework of the fuzzy setting, although not all results in algebra can be fuzzified. As we know, the concepts of fuzzy equivalent relations on a set were introduced by Murali [14] and Nemitz [15] , respectively. Samhan [19] defined fuzzy congruence relations on semigroups. In 1997, Nobuaki kuroki [8] studied fuzzy congruences on inverse semigroups (see, [17] ). As a generalization of inverse semigroups in the range of abundant semigroups, Fountain [4] introduced adequate semigroups. After that, various classes of adequate semigroups are researched ( see, [1, 6, 10, 11, 12] ). Motivated by the study of fuzzy congruences in groups, semigroups, and ordered semigroups, and also motivated by N. Kuroki and Y. Tan's works in a regular semigroup (i.e., for each element a of a semigroup S, there exists an element x of S such that a = axa (see, [7] ) ) in terms of fuzzy subsets , we attempt in this paper to study the fuzzy congruences on a type-B semigroup S in detail. As we know, an arbitrary congruence ρ on a regular semigroup S is regular L-class preserving and regular R-class preserving. That is, for a, b ∈ S, aLb [resp. aRb ] implies that aρLbρ [ resp. aρRbρ ]. But it is not true for a congruence ρ on an abundant semigroup S that aL
In fact, only a good congruence ρ on an abundant semigroup S is abundant L * -class preserving and abundant R * -class preserving. Li and Liu [12] introduced the notion of a fuzzy good congruence relation on abundant semigroups which preserve the Green's *-relation L * and R * with respect to the binary operation * ( see, [13] ). It is a key notion to depicting the properties and characterizations of abundant semigroups( the reader may consult [12] ).
In this paper, we shall consider fuzzy good congruences on type-B semigroups by using the results of Li and Liu in [12] . Our main result is to show that S/μ is itself type-B with respect to the binary operation * for any fuzzy good congruence μ on a type-B semigroup S.
Preliminaries
We follow the notions adopted in [3, 4, 5, 13, 16] . First, we state some known results and notations which will be frequently used throughout the paper. [9] , Lawson define a natural partial order relation " ≤ " on an abundant semigroup S as follows: (∀a, b ∈ S) a ≤ b if and only if there are idempotents e, f ∈ S, such that a = eb = bf.
We recall from [3] that a semigroup homomorphism φ :
We say that a congruence ρ on a semigroup S is a good congruence if the natural homomorphism from S onto S/ρ is good. As defined in [16] , a congruence ρ on a semigroup S is an idempotent-separating congruence, if for all e, f ∈ E(S) the equality eρ = f ρ implies that e = f. A congruence ρ on a semigroup S is a cancellative congruence if S/ρ is a cancellative semigroup. Evidently, a cancellative congruence is good. From [3] , we quote Lemma 1.3. [3] Let S be an abundant semigroup. Then
(1) Let ρ be a congruence on S and a ∈ S. Then ρ is good if and only if
For a type-B semigroup S, η is the largest idempotent-separating good congruence on S contained in H * . We can define the least cancellative congruence σ on a type-B semigroup S, as follows:
(∀ a, b ∈ S) aσb ⇐⇒ (∃ e ∈ E(S)) (eae = ebe) (see, [11] ). Next, we recall some of the basic facts about the fuzzy relations. Let X be a non-empty set. A fuzzy relation on X is a map μ :
Definition 1.4. [13] Let μ and ν be fuzzy relations on a semigroup S. Then the product μ • ν of μ and ν is defined by μ
As in [13] , a fuzzy relation μ on a semigroup S is called fuzzy equivalent
Let μ be a fuzzy equivalence relation on a semigroup S. For each a ∈ S, we define a fuzzy subset μ a of S as follows: μ a (x) = μ(a, x) for all x ∈ S. A fuzzy equivalence relation μ on S which is compatible is called a fuzzy congruence on S. A fuzzy congruence μ on S is' idempotent-separating [resp. idempotent-pure ] if for all e, f ∈ E(S), a ∈ S the equality μ e = μ f [resp. μ a = μ e ]implies e = f [resp. a ∈ E(S)]. We denote by C ρ the characteristic function of a binary relation ρ on S. Then, as is easily seen, ρ is a congruence on S if and only if C ρ is a fuzzy congruence on S. Let μ be a fuzzy congruence on a semigroup S. Then S/μ = {μ a |a ∈ S}. Define the binary operation " * " on S/μ as follows: μ a * μ b = μ ab . We can prove that S/μ is a semigroup with respect to the binary operation * . Lemma 1.5. [13] Let μ be a fuzzy equivalence relation on a semigroup S. Then 
is a (resp. an idempotent-separating) good congruence on S if and only if μ is a (resp. an idempotent-separating) fuzzy good congruence on S; (3) if μ is a fuzzy good congruence on S such that μ ⊆ C H * , then μ is an idempotent-separating fuzzy good congruence on S; (4) if E(S) is a left quasi-normal band (i.e., (∀x, y, z ∈ E(S)) xyz = xyxz), then (∀ a ∈ S) μ a ∈ E(S/μ) ⇐⇒ (∃ e ∈ E(S)) μ
a = μ e .
Corollary 1.8. Let μ be a fuzzy good congruence on an adequate semigroup
S. Then (1) (∀ a ∈ S) μ a ∈ E(S/μ) ⇐⇒ (∃ e ∈ E(S)) μ a = μ e ;(
(4) (∀e ∈ E(S), a ∈ S) μ ea ∈ E(S/μ) =⇒ μ aea ∈ E(S/μ); (5) (∀e ∈ E(S), a ∈ S) μ ae ∈ E(S/μ) =⇒ μ aea ∈ E(S/μ).
Proof.
(1) It follows from Lemma 1.7(4) since E(S) is a semilattice ( i.e., the elements of E(S) are commutative ).
(2)Obviously, S/μ is an abundant semigroup with respect to the binary operation * . To verify that S/μ is adequate, let μ a , μ b ∈ E(S/μ). Then, by(1), there are idempotents e, f ∈ S such that μ a = μ e and μ b = μ f . Note that E(S) is a semilattice. We have ef = f e. Thus μ a * μ b = μ e * μ f = μ ef = μ fe = μ f * μ e = μ b * μ a , as required.
(3)It follows from (2). (4) Let μ ea ∈ E(S/μ), where e ∈ E(S), a ∈ S. Then, by (1), there exists f ∈ E(S) such that μ ea = μ f . Hence, μ f = μ ea = μ eea = μ e * μ ea = μ e * μ f = μ ef = μ fe , and so
(5)It is a similar proof of (4).
Proposition 1.9. Let μ be a fuzzy good congruence on an adequate semigroup S. Then μ is fuzzy cancellative if and only if μ e = μ f for all e, f ∈ E(S).
Proof : We only need to prove the converse part, because the direct part can be easily seen. For this, let μ a , μ b , μ c ∈ S/μ be such that μ a * μ b = μ a * μ c . Since μ is a fuzzy good congruence on S, we have μ a * * μ b = μ a * * μ c . On the other hand, by the hypothesis, we have
Therefore, μ is fuzzy left cancellative. Similarly, we can get that μ is fuzzy right cancellative. This completes the proof.
Fuzzy good congruences on type-B semigroups
In this section, we shall consider fuzzy good congruences on type-B semigroups.
Lemma 2.1. Let μ be a fuzzy good congruence on a type-B semigroup S and a, b ∈ S.
Then the following statements are true:
(1)It follows immediately from the definition of " ≤ " in Lawson [9] .
(2)By Corollary 1.
Theorem 2.2. Let μ be a fuzzy good congruence on a type-B semigroup S.
Then S/μ is a type-B semigroup with respect to the binary operation * .
Proof. Let μ be a fuzzy good congruence on S. Then, by Corollary 1.8(2), S/μ is an adequate semigroup with respect to the binary operation * . Next, we prove that S/μ is type-B. To see this, let μ e , μ f ∈ E(S/μ) and μ a ∈ S/μ,
This gives that S/μ satisfies Condition (B1). On the other hand, let μ a ∈ S/μ, μ e ∈ E(S/μ) such that μ e ≤ (μ a ) * , where e ∈ E(S). Then, by Corollary (1) C η is an idempotent-separating fuzzy good congruence on S such that (2)Obviously, σ is a good congruence on S. By Lemma 1.7(1), we see that C σ is a fuzzy good congruence on S. Next, we prove that C σ is a fuzzy cancellative congruence on S. For this, let (
This means that C σ is a fuzzy left cancellative congruence on S. Similarly, we can get that C σ is a fuzzy right cancellative congruence on S.
Finally, suppose that μ is any fuzzy cancellative congruence on S. Let a and b be any elements of S. If (a, b) ∈ σ, then C σ (a, b) = 1. By the definition of σ, we have eae = ebe for some e ∈ E(S). Thus μ eae = μ ebe , that is, μ e * μ a * μ e = μ e * μ b * μ e . As μ is fuzzy cancellative, it follows that μ a = μ b . Hence, by Lemma 1.5(1), we get that μ(a, b) = 1. If (a, b) / ∈ σ, then C σ (a, b) = 0 ≤ μ(a, b). Consequently, C σ ⊆ μ, that is, C σ is the least fuzzy cancellative congruence on S.
(3) Clearly, we only need to prove the converse part. Let e, f ∈ E(S). Then, by (2) and Proposition 1.9, we get that (C σ ) e = (C σ ) f . Thus, by Lemma 1.5(1), we have C σ (e, f ) = 1. But C σ ⊆ μ, so μ(e, f ) = 1. By Lemma 1.5(1), we have μ e = μ f . Therefore, by Proposition 1.9, μ is a fuzzy cancellative congruence on S. . Therefore, C σ ⊆ μ. Hence, it follows from Theorem 2.3 (3) , that μ is a fuzzy cancellative congruence on S.
